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ABSTRACT: In this paper, a new three-parameter continuous probability distribution is 

proposed. The new distribution is a modification of ‘’A two-parameter generalization of Sujatha 

distribution (AGSD)’’ proposed by Shanker et al (2017). Some important statistical properties of 

the new distribution were derived. The shape of its probability density function is given for selected 

values of the parameters.  The mathematical expression for the moment generating function, the 

first four raw moments and the distribution of order statistics has been established. The parameters 

of the new distribution were estimated using maximum likelihood method. The graph of the hazard 

function reveals that the distribution has an increasing hazard rate. The flexibility of the new 

distribution was demonstrated using a real life data set. The goodness of fit showed that the three-

parameter distribution gave a better fit than the exponential, Akash, Shanker and Amarendra 

distributions for the data set used. 

KEYWORDS: Probability, Hazard Function, Moment Generating Function, Order Statistics and 

Goodness of fit. 

 

INTRODUCTION 

The concept of probability is very essential in the field of statistics. Probability distributions; on 

the other hand play an important role in statistical inference and hypothesis testing. In recent times, 

research in distribution theory shows that most classical distributions do not give satisfactory fit 

to real life data sets from areas of studies such as biological sciences, insurance, engineering, 

finance, medical science and so on due to lack of flexibility. To address this set back, efforts have 

been made by statisticians to generate new distributions that will be more flexible in modeling real 

life data sets. Consequently, several new methods that extend classical probability distributions 

have been proposed and used by statisticians recently.  For example, the performance of a 

probability distribution could be enhanced by means of generalization. By generalizing a 

distribution, new parameter(s) is/ are added to the distribution thus, enhancing the flexibility of the 

distribution. This could be achieved by using generalized families (G-families) of distributions in 

statistical literatures.  A lot of classical distributions have been generalized using different G-
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families. Ogutunde (2017) generalized the inverse exponential distribution using Kuramaswamy 

G-families. Cordeiro and Castro (2011) derived the Kumaraswamy Normal distribution. Nadarajah 

and Eljabri (2013) derived the densities and statistical properties of the Kumaraswamy Generalised 

Pareto distribution; and the derived distribution was found to give a better fit than the baseline 

distribution. Ahmad et al (2014) generalized the inverse Rayleigh distribution using transmutation 

method and the generalized distribution was found to perform better than the parent distribution. 

Marshall and Olkin (1997) have also developed the Marshal-Olkin families which is hitherto used 

in the modification several distributions. Eugene et al (2002) proposed the Beta Generalised (Beta-

G) family of distributions for obtaining more flexible distributions. This has given rise to more 

robust transformations of distributions. The aforementioned G-families have been used to modify 

classical distributions by adding one or more parameter(s) thus, enhancing flexibility. 

 

A part from the generalization method, mixture of classical distributions has also been shown to 

be an efficient way of generating new distributions. Consequently, quite a lot of new probability 

distributions have been developed. The mixture of distributions using various mixing proportions 

has been used by statisticians to derive new distributions in recent times. As a case in point, the 

Lindley distribution proposed by Ghitany and Nadarajah (2008) is a mixture of exponential and 

gamma (2,𝜃) distributions with mixing  
𝜃

𝜃+1
 and 

1

𝜃+1
. The Shanker distribution is also a mixed 

model proposed by Shanker (2015). The Shanker distribution was obtained by  mixing the 

exponential distribution and gamma distribution having shape parameter 2 and scale parameter  

with mixing ratio  and   (Shanker,2015). The Amarendra distribution is a four component 

mixture of exponential (𝜃), gamma(2, 𝜃), gamma(3, 𝜃) and gamma (4, 𝜃) with mixing proportions 
𝜃3

𝜃3+𝜃2+2𝜃+6
,

𝜃2

𝜃3+𝜃2+2𝜃+6
,

2𝜃 

𝜃3+𝜃2+2𝜃+6
 and 

6

𝜃3+𝜃2+2𝜃+6
. The probability density function and the 

cumulative distribution function of Sujatha distribution were derived by Shanker (2016) using 

three-component mixture of exponential(𝜃), gamma (2𝜃) and gamma(3, 𝜃) with mixing proportions  
𝜃2

𝜃2+𝜃 +2
,

𝜃 

𝜃2+𝜃 +2
,

2 

𝜃2+𝜃 +2
. The sujatha distribution gave a better fit to some real life data set than the 

exponential distribution. 

 

          Other distributions have been proposed using this method. In this study, we propose a three-

parameter continuous probability distribution by modifying the AGS distribution. The AGS 

distribution is a two-parameter duration model derived by Shanker and Sujatha (2017). Some 

Statistical properties of the new distribution are also derived.  

 

METHODOLOGY 

 

A two-parameter generalization of Sujatha distribution (AGSD) 
 

          The AGSD is a three-component mixture: exponential (𝜃) , gamma (2, 𝜃) and gamma (3, 𝜃). 
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           The probability density function of the AGSD is given as 

 

𝑓(𝑥; 𝜃, 𝛼) = 𝑝1𝑔1(𝑥; 𝜃) + 𝑝2𝑔2(𝑥; 𝜃) + (1 − 𝑝1−𝑝2)𝑔3(𝑥; 𝜃) 

 

 

where, 

 

𝑝1 =
𝜃2

𝜃2 + 𝜃 + 2𝛼
 

 

𝑝2 =
𝜃

𝜃2 + 𝜃 + 2𝛼
 

 

𝑔1(𝑥; 𝜃) = 𝜃𝑒−𝜃𝑥  ;    𝑥 > 0, 𝜃 > 0 
 

𝑔2(𝑥; 𝜃) = 𝜃2𝑥𝑒−𝜃𝑥  ;    𝑥 > 0, 𝜃 > 0 
 

𝑔3(𝑥; 𝜃) =
𝜃3𝑥2𝑒−𝜃𝑥

2
  ;    𝑥 > 0, 𝜃 > 0 

Hence, 

 

𝑓(𝑥; 𝜃, 𝛼) =
𝜃3

𝜃2 + 𝜃 + 2𝛼
(1 + 𝑥 + 𝛼𝑥2)𝑒−𝜃𝑥   ;    𝑥 > 0, 𝜃 > 0, 𝛼 > 0 

 

 

 

The Proposed Three – Parameter Distribution 

 

Let 𝑋 denote a continuous random variable. Then, 𝑋 is said to follow a ‘three – parameter Sujatha 

(TPS) distribution’ if its probability density function (p.d.f.) is given by: 

𝑓(𝑥; 𝜃, 𝜆, 𝛼) =
𝜃2

2(𝜃2 + 𝜆 + 𝛼)
(𝜃𝛼𝑥2 + 2𝜆𝑥 + 2𝜃  )𝑒−𝜃𝑥𝑥 > 0, 𝜃 > 0  , 𝛼 > 0 , 𝜆 > 0        (1) 

The three – parameter Sujatha distribution is a mixture of gamma distribution with shape parameter 

2 and scale parameter 𝜃, gamma distribution with shape parameter 3 and scale parameter 𝜃 and  

exponential distribution with parameter 𝜃. Thus we have: 
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               exp(𝜃) = 𝑓1(𝑥; 𝜃) = 𝜃𝑒−𝜃𝑥  

              gamma(2, 𝜃) = 𝑓2(𝑥; 𝜃) =
𝜃2𝑥

Γ(2)
𝑒−𝜃𝑥 

               gamma(3, 𝜃) = 𝑓3(𝑥; 𝜃) =
𝜃3𝑥2

Γ(3)
𝑒−𝜃𝑥 

Using 

        
𝜃2

 (𝜃2 + 𝜆 + 𝛼)
   ,    

𝜆

(𝜃2 + 𝜆 + 𝛼)
   and  

𝛼

(𝜃2 + 𝜆 + 𝛼)
 

as mixture proportion 𝑝𝑖 ;  𝑖 = 1,2,3 , the distribution is derived as follows: 

                        𝑓(𝑥; 𝜃, 𝜆, 𝛼) = 𝑓1(𝑦; 𝜃)𝑝1 + 𝑓2(𝑦; 𝜃)𝑝2 + 𝑓3(𝑦; 𝜃)𝑝3   

                                               =
𝜃3𝑒−𝜃𝑥

(𝜃2 + 𝜆 + 𝛼)
+

𝜃2𝜆𝑥𝑒−𝜃𝑥

Γ(2)(𝜃2 + 𝜆 + 𝛼)
+

𝜃3𝛼𝑥2𝑒−𝜃𝑥

Γ(3)(𝜃2 + 𝜆 + 𝛼)
 

                 ⟹ 𝑓(𝑥; 𝜃, 𝜆, 𝛼) =
𝜃2

2(𝜃2 + 𝜆 + 𝛼)
(𝜃𝛼𝑥2 + 2𝜆𝑥 + 2𝜃  )𝑒−𝜃𝑥 

The distribution defined in equation (1) is the three – parameter Sujatha distribution. 

The Cumulative Distribution Function (c.d.f) of TPS distribution 

The Cumulative distribution function of the three – parameter Sujatha distribution is given as 

follow:  

                𝐹 (𝑥; 𝜃, 𝜆, 𝛼) = [1 − (1 +
𝜃  2𝑥2𝛼 + 2𝜃𝑥

2(𝜃2 + 𝜆 + 𝛼)
) 𝑒−𝜃𝑥]                                                          (2) 

The graphs for the cumulative distribution function of the three – parameter Sujatha distribution 

for different values of the parameters are shown in the figures below:  
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Figure 1: Graphs of the cumulative distribution function of the TPS distribution. 

Since the graph converge to 1, it means the distribution is a proper p.d.f.  

 

Graph of the p.d.f. of three – parameter Sujatha distribution 

The graphs for the probability density function of the three – parameter Sujatha distribution for 

different values of the parameters are shown in the figures below:  
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Figure 2: Graphs of the Probability density  function(pdf) of the TPS distribution. 

The graphs shows that the TPS distribution is a skewed distribution. 

Hazard Rate Function of the TPS Distribution 

The hazard function of a random variable 𝑋 is defined as  
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                        ℎ(𝑥)  =
𝑓(𝑥)

1 − 𝐹(𝑥)
 

If 𝐹(𝑥) and 𝑓(𝑥) are the c.d.f. and p.d.f of the TPS distribution respectively, then 

 

                               ℎ(𝑥) =

𝜃2(𝜃𝛼𝑥2+2𝜆𝑥+2𝜃 )𝑒−𝜃𝑥

2(𝜃2+𝜆+𝛼)

{1 − [1 − (1 +
𝜃 2𝑥2𝛼+2𝜃𝑥

(𝜃2+𝜆+𝛼)
) 𝑒−𝜃𝑥]}

 

 

                               ⟹ ℎ(𝑥) =
𝜃2(𝜃𝛼𝑥2 + 2𝜆𝑥 + 2𝜃  )

𝜃  2𝑥2𝛼 + 2𝜃𝑥 + (𝜃2 + 𝜆 + 𝛼)
 

Graphs of the hazard function of the TPS distribution are shown below: 
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Figure 3: Graph of the Hazard rate function of the TPS distribution 

The graphs reveals that the hazard rate of the TPS distribution is increasing.  
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If  𝑋  follows the TPS distribution, its moment generating function is given as 

             𝑀𝑋(𝑡) =
𝜃2

2(𝜃2 + 𝜆 + 𝛼)
∫ (𝜃𝛼𝑥2 + 2𝜆𝑥 + 2𝜃  )

∞

0

𝑒−(𝜃−𝑡)𝑥𝑑𝑥 

=
𝜃2

2(𝜃2 + 𝜆 + 𝛼)
(

𝜃𝛼Γ(3)

(𝜃 − 𝑡  )3
+

2𝜆Γ(2)

(𝜃 − 𝑡  )2
+

2𝜃  

(𝜃 − 𝑡  ) 
) 

=
𝜃2

2(𝜃2 + 𝜆 + 𝛼)
(

2𝜃𝛼

(𝜃 − 𝑡  )3
+

2𝜆

(𝜃 − 𝑡  )2
+

2𝜃  

(𝜃 − 𝑡  ) 
) 

=
𝜃2

2(𝜃2 + 𝜆 + 𝛼)
{
2𝜃𝛼

𝜃3
∑ (

𝑘 + 2
𝑘

)

∞

𝑘=0

(
𝑡

𝜃
)

𝑘

+
2𝜆

𝜃2
∑ (

𝑘 + 1
𝑘

)

∞

𝑘=0

(
𝑡

𝜃
)

𝑘

+
2𝜃  

𝜃  
∑  

∞

𝑘=0

(
𝑡

𝜃
)

𝑘

} 

= (
𝜃2

2(𝜃2 + 𝜆 + 𝛼)
) ∑ (

2𝛼

𝜃2

(𝑘 + 2)(𝑘 + 1)𝑘!

2! 𝑘!
+

2𝜆

𝜃2

(𝑘 + 1)𝑘!

𝑘!
+ 2) (

𝑡

𝜃
)

𝑘∞

𝑘=0

 

= (
𝜃2

2(𝜃2 + 𝜆 + 𝛼)
) ∑ (

𝛼(𝑘 + 2)(𝑘 + 1)

𝜃2
+

2𝜆(𝑘 + 1)

𝜃2
+ 2) (

𝑡

𝜃
)

𝑘∞

𝑘=0

 

= (
𝜃2

2(𝜃2 + 𝜆 + 𝛼)
) ∑ (

𝛼(𝑘 + 2)(𝑘 + 1) + 2𝜆(𝑘 + 1) + 2𝜃2

𝜃2
) (

𝑡

𝜃
)

𝑘∞

𝑘=0

 

The 𝑘th  moments about the origin 𝜇𝑘
′  are the coefficients of (

𝑡

𝜃
)

𝑘

 in the expression above. 

Thus, 

        𝜇𝑘
′ =

𝑘! [𝛼(𝑘 + 2)(𝑘 + 1) + 2𝜆(𝑘 + 1) + 2𝜃2]

2𝜃𝑘(𝜃2 + 𝜆 + 𝛼)
                                                                 (3) 
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The Raw Moments of the TPS Distribution 

                  𝜇1
′ = (

2𝜃2 + 4𝜆 + 6𝛼

2𝜃  (𝜃2 + 𝜆 + 𝛼)
) =

𝜃2 + 2𝜆 + 3𝛼

𝜃  (𝜃2 + 𝜆 + 𝛼)
                                                             (4) 

                  𝜇2
′ =

2( 2𝜃2 + 6𝜆 + 12𝛼)

2𝜃2(𝜃2 + 𝜆 + 𝛼)
 =   

( 2𝜃2 + 6𝜆 + 12𝛼)

𝜃2(𝜃2 + 𝜆 + 𝛼)
                                                  (5) 

                  𝜇3
′ =

6( 2𝜃2 + 8𝜆 + 20𝛼)

2𝜃3(𝜃2 + 𝜆 + 𝛼)
=  

6( 𝜃2 + 4𝜆 + 10𝛼)

𝜃3(𝜃2 + 𝜆 + 𝛼)
                                                    (6) 

                   𝜇4
′ =

(2𝜃2 + 10𝜆 + 30𝛼)

2𝜃4(𝜃2 + 𝜆 + 𝛼)
=  

12(2𝜃2 + 10𝜆 + 30𝛼)

𝜃4(𝜃2 + 𝜆 + 𝛼)
                                             ( 7) 

Distribution of Order Statistics of the TPS Distribution 

By definition, the probability density function of the 𝑘th order statistics of a random variable say, 

Y is given by: 

                𝑓𝑋:𝑛(y) =
𝑛!

(𝑘 − 1)! (𝑛 − 𝑘)!
(𝐹(𝑦))

𝑘−1
[1 − 𝐹(𝑦)]𝑛−𝑘𝑓(𝑦) 

       =
𝑛!

(𝑘 − 1)! (𝑛 − 𝑘)!
(𝐹(𝑦))

𝑘−1
∑ (

𝑛 − 𝑘
𝑖

)

𝑛

𝑖=𝑜

(−1)𝑖𝐹(𝑦)𝑖𝑓(𝑦)                                    (8) 

Let 𝑥1,𝑥2, 𝑥3 … 𝑥𝑛,  be a random sample of size 𝑛 from a distribution from the TPS distribution, we 

obtain the p.d.f. of the 𝑘th order statistics from (8) as follows: 

               𝑓𝑥:𝑛(𝑥) =
𝑛!

(𝑘 − 1)! (𝑛 − 𝑘)!
∑ (

𝑛 − 𝑘
𝑖

) (−1)𝑖 ×

𝑛

𝑖=𝑜
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{[1 − (1 +
𝜃  2𝑥2𝛼 + 2𝜃𝑥

(𝜃2 + 𝜆 + 𝛼)
) 𝑒−𝜃𝑥]}

𝑘−1+𝑖

× (
𝜃2(𝜃𝛼𝑥2 + 2𝜆𝑥 + 2𝜃  )

2(𝜃2 + 𝜆 + 𝛼)
𝑒−𝜃𝑥) 

        Let   𝑘 − 1 + 𝑖 = 𝑝 

         =
𝑛!

(𝑘 − 1)! (𝑛 − 𝑘)!
∑  

𝑝

𝑗=0

∑ (
𝑛 − 𝑘

𝑖
) (−1)𝑖+𝑗 (1 +

𝜃  2𝑥2𝛼 + 2𝜃𝑥

(𝜃2 + 𝜆 + 𝛼)
)

𝑝𝑛

𝑖=𝑜

𝑒−𝜃𝑥𝑝 × 

                                                                                                   (
𝜃2(𝜃𝛼𝑥2 + 2𝜆𝑥 + 2𝜃  )

2(𝜃2 + 𝜆 + 𝛼)
𝑒−𝜃𝑥) 

Recall 

                      (1 + 𝑥)𝑝 = ∑ (
𝑝
𝑙

) 𝑥𝑙

p

𝑙=𝑜

 

𝑓𝑥:𝑛(𝑥)

=
𝑛! 𝜃2(𝜃𝛼𝑥2 + 2𝜆𝑥 + 2𝜃  )𝑒−𝜃𝑥

2(𝑘 − 1)! (𝑛 − 𝑘)! (𝜃2 + 𝜆 + 𝛼)
∑  

𝑝

𝑙=0

∑ ∑ (
𝑝
𝑗 ) (

𝑝
𝑙

)

𝑝

𝑗=0

(
𝑛 − 𝑘

𝑖
) (−1)𝑖+𝑗 (

𝜃  2𝑥2𝛼 + 2𝜃𝑥

(𝜃2 + 𝜆 + 𝛼)
)

𝑙𝑛

𝑖=0

 

= ∑  

𝑝

𝑙=0

∑ ∑ (
𝑝
𝑗 ) (

𝑝
𝑙

)

𝑝

𝑗=0

(
𝑛 − 𝑘

𝑖
) (−1)𝑖+𝑗 (

𝜃  2𝑥2𝛼 + 2𝜃𝑥

(𝜃2 + 𝜆 + 𝛼)
)

𝑙
𝑛! 𝜃2(𝜃𝛼𝑥2 + 2𝜆𝑥 + 2𝜃  )𝑒−𝜃𝑥

2(𝑘 − 1)! (𝑛 − 𝑘)! (𝜃2 + 𝜆 + 𝛼)

𝑛

𝑖=0

 

Application 

We demonstrate the flexibility of the TPS distribution, by fitting it to a data set. The performance of the 

distribution was compared with exponential, Akash, Shanker, Amarendra, and Sujatha distributions using 

the following model selection criteria: -2In L, Akaike Information Criterion(AIC), Bayesian Information 

Criterion (BIC) and Akaike Information Criterion Corrected (AICC). The distribution associated with the 

smallest -2In L, AIC, BIC and AICC is taken to be the most flexible distribution for the data set. The data 

shows the relief times in minutes of patients receiving an analgesic. The data set was given by 

Gross and Clark (1975) in Shanker (2015). The data was used by Shanker (2016) to fit the 
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Amerandra distribution. It was also used by Ogutunde (2017) to fit the generalized inverse 

exponential distribution. The data set consists of twenty (20) observations and it is as shown below. 

 

       1.1, 1.4, 1.3, 1.7, 1.9,1.8,1.6,2.2,1.7,2.7,4.1,1.8,1.5,1.2,1.4,3.0,1.7,2.3,1.6,2.0 

Table 1:  -2Inl, AIC, and BIC of TPS Distribution and other fitted Models  

Model Parameter 

estimate 

-2inL AIC BIC AICC 

Exponential 𝜃 =0.5263 65.7 67.7 68.7 67.9 

Akash 

 

𝜃 =1.365411 49.7 51.71878 53.603 53.218 

Shanker 𝜃 =0.8038668 59.78 61.78332 61.081 63.2833 

Lindley 

 

𝜃 =0.8161 60.50 62.50 63.49 62.72 

Amerandra 

 

𝜃 =1.4807 55.64 57.64 58.63 57.86 

AGSD 

 

𝜃 =1.5712 

𝛼 =222.235 

45.97 49.96 50.67 51.96 

TPS 

 

 34.1937 40.1937 50.67  51.96  

 

𝜃 =0.010949528 

𝜆 =0.002027668  

𝛼 =0.001909697 

34.1937 40.1937 44.4874 41..6937 

 

From, Table 1 it is obvious that the TPS distribution have the smallest values of all the goodness 

of fit criteria. This implies that the three-parameter Sujatha (TPS) distribution gives the best fit to 

the data set. 

  

CONCLUSION  

In this paper, we proposed a new continuous distribution called a ‘three-parameter Sujatha (TPS) 

distribution. The new distribution is a mixture of gamma and exponential distributions. The 

expressions for its raw moment, moment generating function and distribution of order statistics 
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were derived.  The probability density function (p.d.f.) and the cumulative distribution function 

(c.d.f.) were plotted as shown in figure 2 and figure 1 respectively. The graph of the hazard 

function reveals that the distribution has increasing hazard rate. The parameters of the distribution 

were estimated using the method of maximum likelihood. The goodness of fit of the TPS 

distribution was established using a real life data set. The result obtained confirmed that the  TPS 

distribution gives a better fit to the data set used in this work compared with the competing 

distributions. 
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