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ABSTRACT: The need to compare the efficiency between the Autoregressive Integrated moving
average (ARIMA (p,d,q)) models when modelling Crude oil price is the motivation behind this
research. The research focuses on different orders of Autoregressive Integrated moving average
models. The trend Analysis of the original series were plotted and was observed that crude oil
prices were not stationary. The data were transformed by taking a natural log and the series
becomes stationary after first differenced. The ACF and PACF of the stationary time series were
also plotted which were the basis for the suggested ARIMA models. Error variances for the
suggested ARIMA (p,d,q) models were derived and estimated as the basis for model performance
comparison. Empirically, Crude Oil Price data spanning from January 2006 to July 2023 were
used for the analysis. Findings from the study has revealed that, ARIMA (2,1,1) with the least error
variance outperformed the other suggested models. The study further stated the estimated models
for forecast of the future value of the crude oil price. The study recommends the use of error
variance as a criterion for best model suggestion and ARIMA (2,1,1) was selected as the best
model for modelling Nigeria Crude oil price.

KEYWORDS: error variance, error variance of ARIMA (p,d,q), stationary time series,
autoregressive integrated moving average (ARIMA) model

INTRODUCTION

Nigeria is a country with diverse culture and ethnic groups with 36 states and the Federal Capital
Territory. United State Agency for International Development (2021), ranked Nigeria as the 31st-
largest economy in the world in terms of nominal GDP and the largest in Africa. In late 2023,
Nigeria GDP dropped and it was ranked the 32" — largest in the World. Nigeria Economy is highly
dependent on crude oil production which makes the country a mono-economy nation. The crude
oil industry is the largest and most significant sector in Nigeria Economy, contributing
significantly to the country's Gross Domestic Product (GDP) and providing a major source of
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energy for both Nigeria and the world [15]. Due to its importance, the oil industry has a significant
influence on Nigeria's economic and political landscape. In 1956, crude oil was discovered in
Nigeria with full operation starting in the late 1950s. Prior to the establishment of the Nigerian
National Petroleum Company (NNPC) in 1977 with the aim to regulate the price of crude oil and
participate in the country’s oil business, oil exploration was only open to foreign companies due
to insufficient facilities and skilled personnels in oil sector. The oil industry grew constantly with
time to become a global giant. Nowadays, Nigeria is Africa’s main oil producer with 18 operating
pipelines and an average daily production of some 1.8 million barrels in 2020, Nigeria is the
eleventh largest oil producer worldwide. The petroleum industry accounts for about nine percent
of Nigeria’s GDP and for almost 90 percent of all export value [7].

Crude oil has been the engine of Nigeria economy for decades and has also played a key role in its
development and success. It plays a significant role in the Nigerian economy as the largest
contributor in terms of total government revenue and also as the overall contributor in her export
composition. It accounted for about 82.1% of total government revenue during the oil boom in
1974 before reducing to a share of 64.3% in 1986 which was as a result of the rapid decline in of
crude oil price at the international market. The share of oil revenue in total government revenue
still remains substantial as evidenced by the attainment of 85.6% and 86.1% in 2004 and 2005
respectively. Currently, Nigeria tops oil-producing countries in Africa, and the country depends
heavily on the oil sector. In the year 2000, crude oil exports accounted for about 83% of the Federal
Government’s revenue and about 98% of export earnings. It also generated more than 14% of
Nigeria’s Gross Domestic Product (GDP), provided about 65% of government budgetary revenues
and 95% of foreign exchange earnings. Nigeria’s proven oil reserves were estimated to be between
16 to 22 billion barrels in the year 1997 by the United States Energy Information Administration
(EIA) [8]. In 2010, about 10% of United States (U.S.) overall oil imports were provided by Nigeria;
and among all the countries exporting oil to the U.S, Nigeria was ranked as the fifth-largest source.
In July 2014, the oil supply declined due to the alternative use of shale production in America.
Currently, the largest consumer of Nigerian QOil is India [5].

Prior to the discovery of crude oil in Nigeria, Nigeria strongly relied on agricultural exports such
as palm produce, cocoa, cotton, timber, groundnut and rubber to improve the economy of the
country [10] [14]. The agricultural sector was the mainstay of the Nigeria economy contributing
about 95% of her foreign exchange earnings, generating over 60% of her employment capacity
and approximately 56% of her Gross Domestic Product [17]. As an oil-exporting developing
country, Nigeria's economic growth has been unstable due to its dependence on the fluctuating
international oil market. The country’s over-independence on oil exports has made it helpless to
oil price shocks from the international market, which is evident from the significant decline in non-
oil exports over the past three decades as reported in a study by [11].

Between 1999-2004, the oil market has experienced predictable seasonal fluctuations. Oil prices
were relatively stable, averaging between USD20 and USD30 per barrel between 1999 and early
2004, although it reached as high as USD147 per barrel in July 1998. However, the global financial
crisis in September 2008 led to a sharp drop in oil prices, with an average of around USD53 per
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barrel by the end of 2008. From 2014 to 2016, there was another sharp drop in oil prices, from an
average of USD110 in June 2014 to as low as USD29 per barrel in January 2016, due to increased
oil production in the United States. The present fluctuations in oil price situation in the
international market, including the Saudi Arabia-Russia price war and the COVID-19 pandemic,
has resulted in a significant downward trend in the oil price at the international market, thereby
creating fear and uncertainty for oil producers and a country like Nigeria whose major source of
revenue is the crude oil. This information was reported in works of [12], [1], [15] and [9].

In recent times, crude oil price has been one of the major economic challenges confronting most
likely all the oil producing countries in the world especially countries whose Gross Domestic
Product (GDP) is highly dependent on oil export like Nigeria [2]. The crude oil price from January
2009 to February 2016 follows an upward trend and between March 2013 and February 2016 the
price gets a downward trend. From March 2016 to 2021, the price trend has been so unstable with
the greatest price shock between March and April of 2020 due to COVID-19 Pandemic. In 2022,
the trend starts moving upward again with a sharp rise between March to July and experiences a
fall from August till July 2023. These fluctuating price of oil at the international market has
affected significantly Nigeria economic whose economy is highly dependent on crude oil export
thereby subjecting the country to an unstable economy and increase in the country’s inflation rate.
These has poised a great challenge to Nigeria government and Oil Industries on how to design a
best model for modelling crude oil price so as to guide against fluctuating economy as a
consequence of an oil price shock from the international market. Many researchers over the years
have applied different criteria to select the best model for modelling Nigeria crude oil price with
no application of the Error Variance approach. This work seek to derive and estimate error
variances of the suggested Autoregressive Integrated Moving Average (p,d,q) models, formulate
an estimated models for modelling crude oil price and to forecast the future value of the crude oil
price.

LITERATURE REVIEW

[16], in their studies used ARIMA and GARCH models to modelled crude oil price in Nigeria
spanning from January, 1998 to September, 2013 and applied AIC, HQC, and SIC criteria for
model selection. The model with the smallest values of the criteria were considered as the best
model. Hence ARIMA (3, 1, 1) and GARCH (2, 1) were found to be the best model for forecasting
the crude oil price data series.

[14], in their work used ARIMA model and applied Box-Jenkins four-step iterative methodology
comprising of model identification, model fitting, diagnostic and forecasting in selecting the best
model for modelling the Nigeria crude oil prices data. Two optimal time series models were
selected namely; ARIMA (2,1,1) and ARIMA (3,1,1) based on the three-information criteria used,
AIC, BIC and HQC. Thus, based on the criteria of mean square error; root mean square error;
mean absolute error; it was observed that ARIMA (3,1,1) model was the best model that fits the
data with minimum values of predictive measures.
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[6], demonstrated in their studies modelling of the Nigerian Bonny Light Crude oil prices using a
classical statistical model; Autoregressive Integrated Moving Average (ARIMA), two machine
learning model; Artificial Neural Network (ANN) and Random Forest (RF) and Fuzzy Time Series
(FTS) Model. These models were compared in modeling the Nigerian Bonny Light crude oil price
data for the periods from January, 2006 to December, 2020. The performance measures used for
the comparison were the modified Diebold-Mariano test, the Root Mean Square Error (RMSE),
the Mean Absolute Percentage Error (MAPE) and Nash-Sutcliffe Efficiency (NSE) values. Based
on their findings of the performance measures, ANN (4, 1, 1) and RF performed better than
ARIMA (1, 1, 0) model but FTS model using Chen’s algorithm outperformed every other model
suggested. The results from the studies recommend the use of FTS model for forecasting future
values of the Nigerian Bonny Light Crude oil price.

METHODOLOGY

Crude oil price can be studied and predicted using a stochastic modeling approach that captures
the time dependent structure embedded in the time series crude oil price data. The Autoregressive
Integrated Moving Average (ARIMA) model, popularly known as Box-Jenkins Methodology (G.
P. E. Box and G. M. Jenkins (1978) procedure for fitting Autoregressive Integrated Moving
Average (ARIMA) model is used in this study to model monthly average data of Nigeria Crude
Oil Price from January 2006 to July 2023. The Trend Analysis of the original series were plotted
and it was observed that crude oil prices are not stationary. The series were therefore transformed
by taking a natural logarithm and after first difference the series became stationary. Trend analysis
of the stationary series was plotted, the ACF and PACF of the stationary time series data were also
plotted and used for models’ suggestion. The error variances of the suggested ARIMA (p,d,q)
models are derive and estimated. The model with the smallest error variance is considered the best
model for modelling the crude oil price. The estimated model for the best model is formulated for
forecast of the future prices of the crude oil.

Let ¥, (B)(1 - B)AVY, = 0, (B)e; (1)

Where Y, is the time series data, 1, and 6, are the parameters of autoregressive and moving
average processes respectively, (1 — )¢ is the regular differencing to remove the stochastic trend
(if any) in the series and the value of d is determined by the number of regular differencing required
to completely isolate the trend from the series.

VY, is the backshift operator.

Using the backshift operator AR(p) can be presented as

(1_¢1.8_¢2ﬁ2_¢3.B3_"'_lpp,8p)yt =& 2)
Similarly, MA(q) can be represented as
(14 6,8+ 6,87+ 083+ -+ 6,1)X, = & (3)

This implies that, ARIMA (p, d, g) can be written as
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Procedures for Model Specification

Time series plot: a time series plot is the series of discrete numerical points indexed
(or graphed) in time line order. Time series are sequences of successive equally spaced
points in a line chart. A time series plot or graph reveals the trend exhibited by the data,
the seasonal and cyclic pattern of the data set.

Differencing: Differencing is use to make a time series process which was originally
non -stationary to become stationary by differencing the time series process at different
lag until it becomes stationary.

Stationary Trend Analysis Plot: A stationary time series plot is the graph of the time
series process after differencing.

The Autocorrelation Function (ACF) and Partial Autocorrelation Function
(PACF): The ACF and the PACF are two important tools for determining the nature
of the underlying mechanism of a stochastic process. In particular, they can be used to
determine the orders of the underlying AR and MA processes respectively. The analysis
of ACF and PACEF to identify appropriate models is known as the Box & Jenkins
methodology Box and Jenkins (1976). Given a set of observations Y1, ... Y+, we need
to decide what the appropriate model might be. The estimated ACF and PACF are the
tools which can be used to suggest the models. If the ACF exhibits slow decay and the
PACEF cuts off sharply at certain lags, we would identify the series as AR model. If the
PACF shows slow decay and the ACF shows a sharp cut-off at certain lags, we would
identify the series as being MA model. If both the ACF and PACF show cut-offs, we
would identify the series as being mixed ARMA. A pure autoregressive model is
suggested if ACF decays exponentially and PACF exhibits a significant cut-off mostly
within the two lags. But, when PACF decays exponentially, and ACF exhibits a
significant cut-off at initial lags, the MA model is suggested. An ARIMA model is
suggested if there is a cut-off at both the ACF and PACF of the difference series, and
it is called Autoregressive Integrated Moving Average, or ARIMA (p, d, q) [18]. The
word Integrated comes in because of the differencing in order to make the series
stationary before fitting ARIMA model to the data.

Error Variance: Error variances of the suggested ARIMA (p,d,q) models are derive
and the model with least error variance is considered best.
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Trend Analysis Plot for Crude Oil Price(Xt)
Linear Trend Model
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Figurel: Trend Analysis plot for Nigeria Crude Oil Price
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Figure2: Stationary Time Series Plot for Nigeria Crude Qil Price



https://www.eajournals.org/

International Journal of Mathematics and Statistics Studies, 12 (1), 1-13, 2024
Print ISSN: 2053-2229 (Print),
Online ISSN: 2053-2210 (Online)

Website: https://www.eajournals.org/

Publication of the European Centre for Research Training and Development -UK

Autocorrelation Function for DlogXt
(with 5% significance limits for the autocorrelations)
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Figure3: ACF of a Stationary Time Series Plot for Nigeria Crude Qil Price

Partial Autocorrelation Function for DlogXt
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Figure 4: PACF of a Stationary Time Series Plot for Nigeria Crude Oil Price

From figure (3) and (4) , the following three models were suggested for the Nigeria Crude Qil
price data; ARIMA (0,1,2) , ARIMA (1,1,1) and ARIMA (2,1,1).

Derivation of Error Variances of the Suggested ARIMA (p,d,q) Models
Error Variance of ARIMA (0,1,2) model
Recall that;
Var(Y,) = E(Y2) — E(Y;)? (5)
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But E(Y;) = 0 since its a white noice process

Thus, Var(Y,) = E(Y?) (6)
From (4), ARIMA (0,1,2) model is given by
Yo =& — 0161 — 026> (7)

Where, Y; = the timeseries process, &,_iand &;_, are first and second lagged terms of
the process with parameters, 68, and 0,respectively,and ¢, is the error term.

From (6), Multiply equation (5) by itself and take expectation

Y (V) = (6¢ — 01601 — O260_3) (& — 0161 — 026¢_3) (8)
E(Y?) = E(Stz — 018801 — 026065 — 016061 + 9%53—1 + 010260185 — 026065 +
0102612615 + O%Stz—z) 9)
51§t = 552t + 9125szt + 912552t (10)
87 = 64(1+ 67 + 65) (11)
2
52, = 62 (1 + Z 9i> (12)
i=1
52
8% = & (13)

(1+X%,6)

Equation (13) is the error variance of ARIMA (0,1,2)

Error Variance of ARIMA (1,1,1) model

ARIMA (1,1,1) is the combination of AR(1) and MA(1) with first order of differencing.
From (4), the model is given by

Yo =Y1Yiq — 0161 + & (14)
From (6), Multiply (14) by itself and take expectations
YY) = W1Yeq1 — 0181+ &) (P1Yeqg — 0181+ &) (15)
E[Y?] = E[YIY2, — 101V, 181 + e 1Yoy — 101V, 1801 + 076l | — & 01804
+e P1Ye1 + & 0184 + €F] (16)
5}%t = Eb%(gigt + 91253t —29,0:6% + 8% (17)
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8% (1467 —2y,6,)

8¢ = =92 (18)
T @
Equation (19) is the error variance of ARIMA (1,1,1) model.
Error Variance of ARIMA (2,1,1) model
This model is the combination of AR (2) and MA (1) with first order differencing
Thus, from (4) the model is given by
Vi =Y 1 + Y o+ + & — 0161 (20)
Letey + & = ay (21)
Vi = Y1+ Y o — 0161+ a4 (22)

Equation (22) is the model for ARIMA (2,1,1).
Multiply (22) by itself and take expectations
YY) = WY1 + oYy — 0161 + @) W1Ye1 + oY 5 — 01601 + ar) (23)

E(Y?) = EQ2YE L + YY1 Yy — 161V g6 g + ap1Yeog + Y1, Y 1Y n + Y3V,
—P,0,1Y o6 1 + AP,V y —101Y 16 — P20,V pe g + OFel

— ;061 + a1 Yeoq + anh, Yy — aibr6 4 + af) (24)
85t = 1/’%53t + ¢%55t - 2¢1915§t + 912552t + Sgt (25)
8% (1 + 6% —2y,0
(Sgt _ et ( 12 1!;1 1) (26)
A—-yr —¥3)
1 _ 2 _ 2
6§t _ Yo( 21.[’1 Y3) @27
(1 + 91 - 21/)191)

Equation (27) is the error variance of ARIMA (2,1,1) model.
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RESULTS / FINDINGS

Error Variances of the suggested ARIMA models for Nigeria Crude Oil Price Data
For ARIMA (0,1,2)

The parameters estimate as obtained from Minitab software are 6; = —0.2254, 6, =
0.0931,y, = 0.003087

Estimated model for ARIMA (0,1,2), from (7) is given by

Y, = 0.2254¢,_, — 0.0931¢,_, (28)
From equation (13), the error variance of ARIMA (0,1,2) model is
52 — 0.003087 _ 0.003087
71+ 0.0508 + 0.0087 1.0595
8% = 0.0029

For ARIMA (1,1,1)

The parameters estimate as obtained from Minitab software are Y, = —0.2074,6; =
—0.4518,y, = 674.6495

Estimated model for ARIMA (1,1,1), from (3.62) is given by

A~

Y; = —0.2074Y,_; + 0.4518¢,_4 (29)
From equation (19), the error variance of ARIMA (1,1,1) model is

0.003087(1—0.0430) __0.0037
1+0.02041-0.1874 T 1.0167

82 = 0.0036

2
Oet =

For ARIMA (2,1,1)

The parameters estimate are; i, = 0.6867,y, = —0.2523, 6, = 0.4631, Yy, = 674.6495
respectively.

Estimated model for ARIMA (2,1,1), from (22) is given by
Y, = 0.6867Y,_; — 0.2523Y;_, + 0.4631¢g,_, (30)
From (27), the error variance of ARIMA (2,1,1) model is given by

, _ 0.003087(1 —0.4716 — 0.0636) _ 0.0014
e 1+ 0.2145 — 0.6360 ~0.5785

10
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52, = 0.0024
DISCUSSION OF THE ANALYSIS RESULT

Figure (1) shows the time series plot of the original process. The series which were not originally
stationary were transformed by taking a natural log of the series and thereafter the first differenced
the series becomes stationary as showed in figure (2). The ACF and PACF of the stationary process
were plotted as presented in figure (3) and (4) respectively and were used to suggest ARIMA
(0,1,2), ARIMA (1,1,1) and ARIMA (2,1,1) models respectively. Error variances of the three
suggested models were estimated using the derived equations in (13),(19) and (27) to be 0.0029
for ARIMA (0,1,2), 0.0036 for ARIMA (1,1,1) and 0.0024 for ARIMA (2,1,1) respectively. The
estimated model for each suggested ARIMA models were presented in (28), (29) and (30) for
forcasting of the future value of the crude oil price. Comparing the efficiency of the the models
using the error variance, ARIMA (2,1,1) model having the least value of the error variance
outperformed the other two suggested models and is considered the best model.

CONCLUSION

This work uses error variances to compare the performance of the suggested ARIMA (p,d,q)
models for Nigeria Crude Oil Price data spanning from January 2006- July 2023. The result
from the findings revealed that ARIMA(2,1,1) having the smallest error variance is the best
model for modelling Nigeria Crude Oil Price. It is recommended that error variance should be
consider as one of the best criterion for sellecting the best model when modelling any time
series data.
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Appendix

Monthly data of Nigeria Crude Oil Price from Jan.2006 — July.2023

Year
2006 | 2007 |2008 |2009 |[2010 |2011 | 2012 2013 | 2014 | 2015
63.85 | 55.57 | 94.26 | 44.95 |77.62 |97.96 | 113.81 115.24 | 110.19 | 48.81
6133 |59.97 |98.15 |46.52 |75.06 |106.57 | 121.87 118.81 | 110.83 | 58.09
65.00 | 64.28 | 103.73 | 49.70 |80.27 | 116.56 | 128.00 112.79 | 109.47 | 56.69
72.09 | 70.46 | 116.73 | 51.16 |85.29 | 124.49 | 122.62 105.55 | 110.41 | 57.45
71.18 | 70.40 | 126.57 | 60.02 |77.54 | 118.43 | 113.08 106.00 | 111.90 | 65.08
69.32 | 73.28 | 138.74 | 72.24 |75.79 | 117.03 | 98.06 106.06 | 114.60 | 62.06
75.13 | 79.76 | 137.74 | 66.52 | 77.18 | 117.86 | 104.62 109.78 | 109.63 | 57.01
75.15 | 73.76 | 115.84 | 74.00 |78.67 | 111.99 | 113.76 107.84 | 102.33 | 47.09
62.97 | 79.76 | 103.82 | 70.22 |79.45 | 115.73 | 114.36 113.59 | 98.27 | 48.08
59.49 |83.86 | 7531 |78.25 |84.42 |113.12 |108.92 112.29 | 83.50 | 48.86
59.81 |95.05 |5551 |78.11 |86.71 |113.92 |111.05 111.14 | 80.42 | 44.82
64.70 | 93.40 | 4587 |75.11 |92.79 |111.46 | 114.49 112.75 | 63.28 | 37.80
Year

2016 | 2017 |2018 |2019 [2020 |2021 | 2022 2023
30.66 |55.01 | 69.68 | 6039 |66.68 |5487 | 8871 84.78
31.70 |46.39 |66.67 |64.89 |58.45 |62.48 | g9¢a 86.04
37.76 | 5213 | 7472 |67.67 |3229 | 6562 | 151,53 |8L10
4159 |5294 | 7237 |73.08 |14.28 |6430 | [ o | 7691
47.01 | 5057 |77.64 |73.65 |27.90 |67.83 76.97
48.46 | 47.42 | 7538 |66.74 | 4030 |73.46 | 11672 1gy57
4525 |49.01 | 7472 |66.24 |44.10 |7593 | 1301 89.30
46.15 |51.64 |73.35 |61.05 |45.06 |70.72 120.54
47.43 |56.79 |79.59 |65.27 |40.85 |74.55 | 106.34
50.94 |58.46 |79.18 |59.10 |39.74 |84.11 | 93.25
4525 | 63.56 |66.59 |63.56 |42.70 |82.16 | 9657
53.48 | 65.11 |62.00 |6856 |5033 |6541 | g33¢

82.5
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