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Abstract. Suppose G is a graph consisting of two finite sets, namely the set of vertex V(G)
and the set of edges E(G), denoted by G = (V(G),E(G)). A graph G is said to be a total
product cordial graph if there exists a vertex labeling f: V(G) — {0,1} such that it induces
an edge labeling f*:E(G) — {0,1} defined by f*(uv) = f(w)f(v) and satisfies

|(vf(0) + e+ (0)) — (vf)| < 1. Inthis paper, it will be proved that the generalized dragonfly

graph (D g,(;”"‘)) is a total product cordial graph.

Keywords: generalized dragonfly graph, total product cordial labeling

INTRODUCTION

In 1736, Leonard Euler introduced graph theory as a puzzle solver for the Konigsberg bridge
problem by visualizing the land as the vertex and the bridge as the edge (Powell and Hopkins,
2015). One of the topics discussed in graph theory is graph labeling. Graph labeling is a
mapping or function that pairs each element of a graph (vertex, edge, or both) to an integer
under certain conditions. One example of graph labeling that has been widely developed is
cordial labeling. Cordial labeling was first introduced in 1987 by Cahit, in which a graph G is
said to be a cordial graph if there is a vertex labeling f: V — {0,1} such that it induces an edge
labeling f:E — {0,1}, which is defined by f*(uv) = |f(u) — f(v)|, satisfies |vf(0) —
vs(1)| < 1and |ef+(0) — ef+(1)| < 1 (Inayah et al., 2022).

Cordial labeling has experienced significant development and has many types, including

product cordial labeling. In product cordial labeling, f*(uv) = |f(u) — f(v)] is replaced by
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f*(uv) = f(uw)f(v) (Inayah et al., 2022). There have been many studies related to product
cordial labeling on a graph, some of them being "Product Cordial Labeling of Graphs"
(Sundaram et.al., 2004). “Total Product Cordial Labeling of Graphs" (Sundaram et.al., 2005).
"Signed Product Cordial Labeling of Some Pan Graphs" (Sadawarte and Srivastav, 2022),
"Total Product and Total Edge Product Cordial Labelings of Dragonfly Graph (D g,,) " (Inayah
et.al. 2022).

Based on this study, the author is interested in writing a paper and discussing further the total

product cordial labeling on the generalized dragonfly graph (D gr(lm’k)). This paper is based on

a paper written by (Inayah et.al. 2022), which discusses the total product cordial labeling and
total edge product cordial labeling on dragonfly graphs in general and the total product cordial
labeling on dragonfly graphs (Dg,) in general and the total product cordial labeling on some

generalized dragonfly graphs (D g,(,m'k)). So, in this paper, the author proves the total product

cordial labeling formula on the generalized dragonfly graphs. (Dg,(lm'k)) in general.

DISCUSSION

Definition 2.1 A graph G is said to be a product cordial graph if there exists a vertex
labeling f: V(G) — {0,1} that induces an edge labeling f*: E(G) — {0,1}, which is defined
by £*(uv) = f(u)f(v) and satisfies |v;(0) — v;(1)| < 1and |es(0) — ef-(1)| < 1.

Example 2.1 Given the cycle graph Cf") labeled with cordial product labeling as shown in

Figure 1.

Figure 1. Product cordial labeling of Cf)
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Based on Figure 1, it is known v:(0) = 6, vs(1) = 7, ex«(0) = 8, and ef+(1) = 8. This
can prove that the labeling satisfies [v/(0) — v;(1)| < 1 and |es-(0) — ef+(1)| < 1. Thus,
graph CF) is a product cordial graph.

Definition 2.2 [2] A graph G is said to be a total product cordial graph if there exists a
vertex labeling f:V(G) — {0,1} that induces an edge labeling f*: E(G) — {0,1}, which is
defined by f*(uv) = f(w)f(v) and satisfies |(v;(0) + e+ (0) — (v;(1) — ep+(1)] < 1.

Example 2.2 Consider Example 2.1, the cycle graph Cf” with the vertex set
V(G) = {v,, vy, V3, ..., 113} and the edge set E(G) = {ey, e,, €3, ..., €16} IS a cordial product
graph because it satisfies |v;(0) — v;(1)| < 1 and |ef-(0) — ef+(1)| < 1 with v,(0) = 6,
ve(1) =7, er+(0) = 8, dan ef~(1) = 8. This proves that graph Cf') is also a total cordial
product graph because it satisfies |(v;(0) + e-(0) — (v;(1) — e+ (1))| < 1.

Definition 2.3 [2] For every m > 2 and k > 1, the generalized dragonfly graph denoted by

(mk)
n

(m,k) (m,k)

Dg is a graph with vertex set V(Dg,, ) and set of edges E(Dg,, ) as follows:

V(D) = {v}, v, .., v, wy| for i € {1,2,..,n+2},j € {0,1,2, ..., k}},

E(Dg(m'k)) = {vlvl | forie{12,..,n+1},1€{1,2,..,m}}u

n

{viwo| fori €{1,2,..,n+ 2}, € {1,2,...,m}} U

{WOWj|j € {1,2, ...,k}}.

Based on Definition 2.3, a representation of the generalized dragonfly graph (Dg,({""‘))

given in Figure 2.

is

38


https://www.eajournals.org/

International Journal of Mathematics and Statistics Studies, 13 (1), 36-49, 2025
Print ISSN: 2053-2229 (Print),
Online ISSN: 2053-2210 (Online)

Website: https://www.eajournals.org/

Publication of the European Centre for Research Training and Development -UK

W

Wl \\\ Wk

vi Vi

v; v2
Vns1 Vs
Vns2 V42
v{n -2 v{n = |
-2 ot
Vnit 4y
Rz Uniz

Vb2 Vps vz VT
(@ (b)

Figure 2. Generalized dragonfly graph (D g,gm"”) for (a) m even dan (b) m odd

Theorem 2.1 For integers n = 2, k > 1, and m > 2 even, the generalized dragonfly graph

Dg,sm'k) is a product cordial graph.

Proof. Given a generalized dragonfly graph D g,([”'k). Suppose n, k is a positive integer and m

is an even with m,n > 2 and k > 1. Define the function f: V(Dg,(lm'k)) — {0,1}, then the

following vertex labeling is

f(WO) = 1)
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k
fw) =0,for1 <i< [E]'
k

f(w;) =1, for [E]+1Sigk,

. m
f(v{)=1,for1§i§n+2,1SjS?

- m

v )Y=0forl<i<n+2,—+1<j<m.
l 2 .]

Based on the vertex labeling above, we can know that v((0) = %(n +2) + [S] and

ve(1) = %(n +2) + EJ + 1. Next, we can know the edge labeling f*: E(Dg,(lm""‘)) - {0,1}

as follows
] k
fwow;) =0,for1 <i < [E]'
k
fwow;) = 1, for [E] +1<i<k,

/ m
folwe) =0 fori<i<ntz—+1<j<m

joJ . m ,
f(vivl.+1 :O,forlSlSn+1,§+1Sj£m
m
friw) =1Lfori<isn+21s<j<-,
. m
fwlvl,)=1fori1<i<n+11 <js3

Based on the edge labeling above, we can know ef+(0) = %(Zn +3) + [g] and es+(1) =

%(Zn +3) + EJ This proves |v;(0) — vr(1)| < 1and |ef+(0) — ef+(1)| < 1. So, it is proven

that the f is a product cordial labeling for the generalized dragonfly graphs (D g,(qm’k)) withn >

2, k = 1 positive integers, and m > 2 even. m

Corollary 2.1 For integers n > 2, k > 1, and m > 2 even, the generalized dragonfly graph

(DgS™" )y is a total product cordial graph.
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Proof: By using Theorem 2.1, it can be shown that the labeling satisfies |(ef*(0) + v£(0)) —

(ef+(1) + v(1))| < 1. This proves that the generalized dragonfly graph (Dg,(:""‘)) for

integersn > 2,k > 1, and m = 2 even is a total product cordial graph. m

Example 2.3 Given a generalized dragonfly graph Dggz‘l), by using Theorem 2.1, we obtain a
vertex labeling f: V(Dggz’l)) — {0,1} which induces the edge labeling f E(Dggz’l)) -
{0,1} in Figure 3 as follows.

Figure 3. Total product cordial labeling of Dggz'l) graph.

Based on Figure 3, it is known that v£(0) = 6, v(1) = 6, e;+(0) = 10, and  ef+(1) = 9.
This proves that the Dggz'l) graph is a total product cordial graph because it satisfies
|(ef+(0) + v£(0)) — (ef+(1) + v, (1)| < 1.

Theorem 2.2 Given a generalized dragonfly graph Dg;'""‘), for integers k,n,m > 2 with n
even (n = 2a) and m odd, then Dgg’;”k) is a product cordial graph.

k)

Proof: Suppose Dgg: is a generalized dragonfly graph with a > 1, k,m > 2, and m odd.

2a

Define the function f: V(Dg(m‘k)) — {0,1}, then there are the following two cases.

Case 1. Let k be even. The vertex labeling of the generalized dragonfly graph D gg;"k) IS

f(WO) = 1,

k
f(w;)) =0,for1<i SE’
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k
fw)) =1for s +1<i<k
f m
fw)=1for1<i<2a+21<j< [?J

j m
f(vi])=0,f0r1SiS2a+2,[7]§jgm—1
fw™ =0,forl<i<a+]l,
f(w™) =1,fora+2<i<2a+2.

Based on the vertex labeling above, we know v¢(0) = m(a + 1) +§ and ve(1) =

(m,k)

>a » Which is labeled

m(a+1)+ S + 1. So, the edge of the generalized dragonfly graph Dg

with zero is

==

fwew;) =0,for1 <i < >
j m
f(vijWo) =0,for1SiS2a+2,[?] <j<m-1,
fWMwy) =0,for1 <i<a+l1,
o m
f(v/vl,)=0for1<is< 2a+1,[§] <js<m-1,
fwmvm)=0,forl<i<a+1,
while the edge of the generalized dragonfly graph Dggzl"‘), which is labeled with one is
k
flwowy) = Lfor 5+ 1<i<k,
j m
f(vlwo) =1for1<i<2a+21<j< [?J
fwMwy) =1,fora+2<i<2a+2,
o m
fwlvl, )=1for1<i<2a+11<j< [?J
f@vi)=1fora+2<i<2a+1
Based on the edge labeling above, we know e;-(0) = 2m(a + 1) +§— EJ and e+ (1) =

2m(a +1) +§— [%] This proves |v/(0) — v(1)| < 1 and |es(0) — ef-(1)| < 1. So, it is
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proven that the f is a product cordial labeling for the generalized dragonfly graph Dgg’;l’k) with

m,k =>2,a =1, and m odd.

Case 2. Let k be odd. The vertex labeling of the generalized dragonfly graph D ggf'k) IS

fwe) =1,

k
fw) =0for1<i< H +1,
k .
flwy) = 1,for[zl+2 <i<k,
/ m
f(v{):l,forlSiS2a+2,1 <j< l?J’

f(vij)=0,f0r1SiS2a+2,[%]gjgm—L

fw™ =0,for1 <i<aq,

f(w™) =1,fora+1<i<2a+2.
Based on the vertex labeling above, we know v£(0) = m(a + 1) + E] and ve(1) =

m(a+1) + EJ + 1. So, the edge of the generalized dragonfly graph Dgg;"k), which is labeled
with zero is
N L
fwew;) =0,for1 <i < H +1,
j m
f(vlwg) =0,for1 <i< 2a+2,[§] <j<m-—1,
f*wy) =0,for1 <i<a,
o m
f(vi]vi]ﬂ =0forl<i< 2(1+1,[?] <j<m-1,
f@vih) =0,for1 <i<a,

while the edge of the generalized dragonfly graph Dggg‘k), which is labeled with one is
k .
f(wow;) = 1, for [El +2<i<k,

f(vlwo) =1for1<i<2a+21<j< [%J
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fwwy) =1,fora+1<i<2a+2,
j_J m
fwivl, )=1for1<i<2a+11<j< l?]’
ftvh) =1fora+1<i<2a+1.
Based on the edge labeling above, we know es+(0) = 2m(a + 1) + E] - [%] and

(1) =2m(a+1) + EJ - [%J This proves |v;(0) — v, (1)| < 1 and |e(0) — e+ (1)| <

1. So, it is proven that the f is a product cordial labeling for the generalized dragonfly graph

(m,k)
2a

Dg with k,m = 2 and a = 1. Therefore, considering these two cases, it can be proven

that the generalized of dragonfly graphs Dg,(,m'k) for integers k,m,n > 2 and n even is a

product cordial graph. m

Corollary 2.2 For integers k,n,m > 2 with n even and m odd, then Dg,(lm'k) is a total product

cordial graph.

Proof: By using Theorem 2.2, it can be shown that the labeling satisfies |(ef*(0) + v£(0)) —

(ef+(1) + vp(1))| < 1. This proves the generalized dragonfly graph Dgr(lm'k) for integers

k,n,m > 2 with n even and m odd is a total product cordial graph. m

Example 2.4 Given a generalized dragonfly graph Dgf"z), by using Case 1 in Theorem 2.2,
we obtain a vertex labeling f: V(Dgf’z)) — {0,1} which induces the edge labeling

fEDgS) - {0,1} in Figure 4 as follows:

Figure 4. Total product cordial labeling of Dg{** graph
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Based on Figure 4, it is known that v;(0) = 7, v¢(1) = 7, ex+(0) = 12, and er(1) = 11.

This proves that the graph Dgf’z) is a total product cordial graph because it satisfies
|(ef*(0) + v£(0)) — (ep+(1) + vf(l))| <1.
Teorema 2.3 Given a generalized dragonfly graph Dg,(lm‘k), forintegersk > 1 andn,m = 2

(m.k)

a1 1S @product cordial graph

with n,m odd (n = 2a + 1) then Dg

(m,k)
2a+1

Proof: Suppose Dg is a generalized dragonfly graph with a,k = 1, m > 2 integers and

m odd. Define the function f: V(D gg'gff) - {0,1}, and then there are two cases.

Case 1. Let k be odd. The vertex labeling of the generalized dragonfly graph Dgg’;‘;’? is

f(WO) = 1!

k
fowy =0 for1<i<|s]
k
f(wy) = 1,for H+1SiSk,
/ m
fw)=1for1<i<2a+31<j< [?J

f)=ofori<i<2a+3[7]<jsm-1,

fw" =0forl<i<a+1,

fw™) =1fora+2<i<2a+3.
Based on the vertex labeling above, we know v,(0) =m(a+ 1) + [%] + l%J and ve(1) =
m(a+1) + EJ + [%] + 1. So, the edge of the generalized dragonfly graph Dgg’;;’?, which is

labeled with zero is

k
f(WOWi) = 0, for 1 <i< [E],

f(wlwe) =0 for1<i<2a+3[7|<j<m-1

f™wy) =0,for1 <i<a+1,
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i m
f(v/vl,))=0for1<is< 2a+2,[7] <j<m-1,
fwMvn)=0forl<i<a+]1,

while the edge of the generalized dragonfly graph Dgggjrkl), which is labeled with one is
k .
Fwows) = Lfor 5] +1<i <k,

, m
f(vlwy)=1for1<i<2a+31<j< ng,
fw™wy) =1,fora+2 <i<2a+3,
flvl,)=1fri<i<za+21<j<|7]
fw™h) =1fora+2<i<2a+2.

Based on the edge labeling above, we know ef(0) = 2m(a + 1) + E] + [%J and e(1) =

2m(a+1) + [SJ + [?] This proves |v;(0) — vp(1)| < 1and |es+(0) — ef-(1)| < 1. So, itiis

(m,k)

proven that the f is a product cordial labeling for the generalized of dragonfly graphs Dg,, {

with integers a, k = 1, m > 2, and m odd.

(mk)
2a+1

Case 2. Let k be even. The vertex labeling of the generalized dragonfly graph Dg is
fwe) =1,
k

fw) =0for1<i<—+1,

k -
f(w;) =1, for E+2 <i<k,

/ m

f(wl)=1forl1<i<2a+31<j< [?J

f(vij)=0,for1£i£2a+3,[%]Sjgm—L

fwM =0forl<i<a+1,

fw™ =1fora+2<i<2a+3.
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Based on the vertex labeling above, we know v;(0) = m(a + 1) +§+ [%] and ve(1) =

m(a+1)+ S + [?] So, the edge of the generalized dragonfly graph Dgg’;;kl), which is labeled

with zero is

k
f(wow;) =0,for1£iSE+1,

j m
f(vi]Wo)=0,f0r1§i£2a+3,[?] <j<m-—1,
fw/wy) =0,for1<i<a+1,

o m
f(vijvi]ﬂ =0,fOF1SiS2a+2,[?]Sjgm_L

fwMvn)=0forl<i<a+1,

while the edge of the generalized dragonfly graph Dgg’;‘fl), which is labeled with one is

k
fwow;) = 1, for §+2 <i<k,

/ m
f(vlwg) =1,for1 <i<2a+31 gjgl?J,
fw'wy) =1,fora+2<i<2a+3,

., m
f@lvl,) =tlri<i<2a+21<)j<|5),

f™vh) =1fora+2<i<2a+2.
Based on the edge labeling above, we know ef(0) = 2m(a + 1) +§+ [%] and ef(1) =

2m(a+1) + g + [%] This proves |v/(0) — v(1)| < 1 and |es(0) — ef-(1)| < 1. So, it is

(mk)

proven that the f is a product cordial labeling for the generalized dragonfly graphs Dg,,;

with integers a,k > 1,m = 2 and m odd. Therefore, considering these two cases, it can be

(m,k)
n

proven that the generalized dragonfly graphs Dg for integers k > 1, m,n > 2, and m,n

is product cordial graph. m

(m,k)

Corollary 2.3 For integers k > 1, m,n = 2 and m,n odd, then Dg,,

is a total product

cordial graph.
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Proof: By using Theorem 2.3, it can be shown that the labeling satisfies |(ef*(0) + v£(0)) —

(ep+(D) + vf(l))| < 1. This proves the generalized dragonfly graph Dg,(lm'k) for integers k >

1,m,n = 2 and m, n is a total product cordial graph. m

Example 2.5. Given a generalized dragonfly graph Dg§3‘2), by using Case 2 in Theorem 2.3,
we obtain a vertex labeling f: V(Dgf’z)) — {0,1} which induces the edge labeling

f E(Dg§3’2)) — {0,1} in Figure 5 as follows:

Figure 5. Total product cordial labeling of Dg<** graph

Based on Figure 5, it is known that v¢(0) = 9, v,(1) = 9, e;+(0) = 15,and  ef<(1) = 14.

This proves that the graph Dg§3'2) is a total product cordial graph because it satisfies

|(ef+(0) + v£(0)) — (e (1) + vp(1))]| < 1.
CONCLUSIONS

Based on Theorems 2.1, 2.2, 2.3, and Corollary 2.1, 2.2, and 2.3, the generalized dragonfly

graphs (D g,(lm’k)) with m,n > 2, and k > 1 integers are a total product cordial graph except

for Dg™" with m odd and n even.
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