International Journal of Mathematics and Statistics Studies
Vol.12, No.4, pp.52-61, 2023

Print ISSN: 2053-2229 (Print),

Online ISSN: 2053-2210 (Online)

Website: https://www.eajournals.org/

Publication of the European Centre for Research Training and Development —-UK

On Some Properties of a Class of Analytic Functions Defined by Opoola

Differential Operator
R. A.Bello
Department Mathematics and Statistics, Kwara State
University, Malete, Kwara State, Nigeria.
risikat.bello@kwasu.edu.ng

doi: https://doi.org/10.37745/ijmss.13/vol12n45261 Published July 21 2024

Citation: R. A. Bello (2023) On Some Properties of a Class of Analytic Functions Defined by OpoolaDifferential Operaor,
International Journal of Mathematics and Statistics Studies, Vol.12, No.4, pp 52-61

ABSTRACT: The Fekete-Szego functional upper bounds and the Second Hankel Determinant upper
bounds for a class of analytical functions defined by the Opoola Differential Operator are found in this
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INTRODUCTION
Let A denote the class of function f(z) analytic in the open unit disk U ={z € C: |zl < 1} and let S € A
denote the class of analytic functions f(z) in U which are univalent in U and of the form:

f(2) =z + T, axzk, (1)

A function f(z) belonging to the class S is called starlike function if f(z) maps the unit disk U onto a
starlike domain. A necessary and sufficient conditions for a f(z)€ S to be starlike with respect to the
origin is that;

Re™®}, > 0 (zeu) @)
[

The class of starlike functions is denoted as S*
A function f(z) € S is said to be starlike of order a, 0 <a <1, If

Re™ @), > o  (zeu) @3)
F@

The class of starlike functions of order o is denoted as S*(a)
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A function f(z) € S is called a Convex [unction il f(z) maps the unit dist {7

onto a convex domain. A function f(z) is said to be a Convex function if and

ply 2@ o )
.h{l .ff(z)} 0 (zeU) (4)

The class of convex functions is denoted as /.

only if

A function f(z) € S is said to be Convex of order a, 0 << a < 1 if

ol ,:.j'“(_:) } > N " -
n {1—1— 1) (e ) (3)

The class of all Convex [unctions of order « is denoted as K(a).

Definition 1.1. Let f and g be analytic in U. Then f(z) is subordinate to
g(z) denoted by | =< g if there exist an analytic function w(z) with w(0) = 0,
f =g f(0)=g(0) and f(U) C g(U).

< 1 such that f(z) = g{w(2)). In particular if g(z) is univalent in U then

th

The ¢"" Hankel determinant Hy(n).q > Lin > 1 for a function f(z) € A and

have the form (1)is delined as

[ L ¢ |
(p1
Hy(n) =
(I'H—Q—f[fl . ces ”n.+2qf2

In recent years, attention has been given to finding estimates of the deter-
minant H,(n). The Fekete-Szego functional |az — Aa3| is Ha(1).For f(z) € S
it is known that Ho(1) < 1. see [1], The Second Hankel Determinant Ho(2) =
(1201 u§| has received more attention from many authors. The sharp upper
bound of 115(2) for starlike and convex functions was studied in [2] and the
authors obtained He(2) < 1 and H,(2) < % respectively. Many other results
have been obtained for f15(2) for a variety of subclass of S.most of which are
subclass of ™.

Noticing that several subclass of univalent functions are characterized by the

quantities N;(Llj or {l + ;hi"} lving in a region in the right half plane, Ma

and Minda [3] considered the classes.
o : ; f’(z')} .
ST(h) =< fc A== 6
0 ={ e (©)

T+ z2f"(2) }
fr(z)

T

CV(p) = {f €A
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A v 14+ Az 1 -
For (z) = 1732, 1<B<A<I,
The class ST'(¢) reduces to the familiar class consisting of Janowski starlike
functions denoted by ST{A, B).The corresponding class of convex functions is
denoted by CV (A, B).
The special case of A =1—-2n, B =-1. 0<a<1.57T(d) and CV(p)gives
the classes of starlike functions of ordera and convex functions of order o re-
2f'(=)
)
lying in the region bounded hy the cardiod given by (922 + 9y? — 18 4 5)% —

16(92% +9y% — 62 + 1) = 0 Thus a function f(z) € SCif ;4{7) € C'AR where,

spectively.  Let SC be the elass of functions [ € S with the quantity

—

The class SC was investigated by Kanika [4]
We say that f € 5 belongs to the class S5, C' if

o

D5 ()

D}l 5.4 /(2)

where D} 5 1= the Opoola Differential Operator, n ¢ N U0 and

< (2) (9)

&

. 1 2.
o(z) =1+ 3% + gsz zelU (10)
Remark|1]: The class S, C'(ge. 5. 1) reduces to the class S, C" when 3§ = pand { = 1

Remark[2]: The class S, C' (. 3.1) reduces to the class SC when 3 = @t = land
n=1~0.

In this paper. we obtain the initial coefficient estimnates ao,a; and ay
for tunctions belonging to the class S, C. The Upper bounds for the Fekete-
Szego functional and the second Hankel Determinant for functions belonging
to the class S,C are also established. Furthermore,when n = 0 and ¢(z) =
VL4 22) + 2, the class S, becomes e class S*(¢) sudied in [1]

2 Main Result
Let © be the class of analytic functions of the form
w(z)=c 24 A S S (11)

such that |ep| < 1, k=1,2,3,...



Lemma 2.1

If we Q. then for anv f € R

—t if <=1
lew —Aefl ¢ 1 if —1<A<1
Loaf A=l

Lemma 2.2

If w e Q. for any complex number A

leo — Aet| < max{1:|t]}

The result is sharp for w(z) = 22 or w(z) = =2
Lemma 2.3

I w(z) =12+ eaz? Fegz 0. € Q.
then |¢f + c3 + 2c102] < 1

Theorem 3.1

If f(z)=2+> 0 yapz" € 5,0 3.1) then

P

4 11

las| < ag] <

T3 (g
Proof:
Since f ¢ S, C(p. 5.1),
We have that,

IO
”— = o(w(?))
D]I.jf/(
where 2(z) is given as (1),
Thus bl
Dn 31"{ ) __l 2 5
BT ) Zw(z) + S (w(2))?
D; ol ) A

Let w=e12+ 224y 420
Thus [rom (12) we obtain

_ 1
Dy () = D () gw(o) +

3

T2+

68

‘(.’1‘ =~ 35

3-[1+3+ (3

"



Therefore,

D;:_*.;_f‘f(z) — [+ (148 — )] s+ 2+ 3 — )" M as 1+ B+ 3 — i)t]" a2t

(13)
and
. o4 2.
1),'.1.-"1._L-f(":)[l + g*'“(’:) =+ E(Uv(ﬂ)z]
1 n 9 4 2 9 . " 1 . p " 3
= Z‘HECL‘F“ + (143 p)t] an)z +[§r«3+§('-,+[1 +(l+5—p) (12§(3L+“ + (24 32— )" as)z

4 ) 402 T TP n 1
...+§('|(‘2+_1 +(l+3- [I)t’_('{zg(f‘g-FEH (148 =)t asei 1+ (2 + 3 — )] (r;3+3(:{
+B+ @+ 3 i a4z’

(14)

Equating and Comparing the coeflicients in (13)and (14) we have

n 1 il
[+ (+3 " ey = ser+ L+ 1+ 3 i a

i.e
4

= —

31+ (143 )"

i '1 2 2 '1 ; - « n n
L4+ @2+3— 010" " ay = 362 + E(;) + 5“ +(1+ 73—t aver + L+ (24 3 — p)t] " ay

(15)
which gives
4 n 11 2
3 CEE - wC
32+ 2+a— ] 7 B+ 2+3— 00"

iz =

(16)
and
1+ @B+ 73— 1" Mlay = %f?a + %f""wg + %l + (14 83— )t]" azea+
L+ (143 = )t "azef + %[1 42+ 8= i aser = [1+ (34 8= )t ay

(]

o



Therefore,

. 4 . 36 - 68 3
T3 B3] TR A+ B+ w33 I+ B+ 8 "
(17)
From equation (15)and using |c;| < 1 we obtain
las| 4 22 3-2-14+ 2+ 83— "t
3| = I .
‘ 3:-2-[1+ (24 3 — )] 2-[14+ 2+ 78— " 4
B 4 o 22 3-2-[1+(2+43 ,()tj”cf)
T3 2 A4+t I\ B2 i+ 2+ 3] 1

4 22
- - T 5 M el &
32 1+2+3 00 |7

4 2

T3 22z o |7 (=134

Applying Lemma (2.1),

) 4 21 11

=321+l [(_E)} T 9.3n
11

9- [T+ 2+ 3 p)t]"

lag] <

Also from equation (17) we have

. 68 3 4
B T By Y R s A P S e B T e
68 L 36 97
IEEE RN T (“I TR rrlu)
68 ,
SF R et

and lemna (2.3)we obtain

— 68 3 9
‘(;1|; 3 3.“_._(34_;_}_!!..”]”|(1*(;* f]('z‘
63
=

81-[1+(3+ 03— )"

which complete the proof.



Theorem 3.2

£ .92n w20 - . .
Let oy = 1“5:{3,, Ty = 11(.1‘-.‘.5#‘ A f(z) € §,C (. 4.1), then for any real number A

1 11 . 16 : -
ca(;x—-:z—--f—,f;‘rﬁ* [|+(1+,-—1—,,j)fj~’-'-/\) if A<ao

‘(J;; — /\f1‘3| < m {f T <A< 79 (l())

1 11 16 . .
] ([1+(2+o‘—;1):]” IEREE e ’\) if A=

Proof:
If f(z) € S,C(e5.0).then from equation(15)and (16) we get

4 22 , 16 ,
F P . 2 I - F : ] 70 A - ; 211
L4+ (24 75— )t IS L+ (240 — p)] 9 (14 (1+ 3 —t)”

2
ag — iy = e

G-

_ 4 S [1+@2+5 - " my ,
= — : = |ca — - A — — |
6-[1+(2+ 73 )t 3-[1+(1+38— 0t 6

By applying lenuna (2.1).equation (20) yvields

s — /\ug < — : - (E 8-1+(2+7 ,u]?‘!_ﬂ A)
TO6 A"\ 6 31+ (145 — "
For
8- 1+Q2+3—m" | L _
B[t (+s- w6
ie

B[+ 3 T
161+ (24+ 3 )"

B[l (19—t
161+ (2+5—pit "

A<

and takingm =

we obtain that

[A

)|

. 1 .
s — a3 11 B 16 3 (21)
T+EC+8— " [1+(1+3— 1™
when A < 7y
Also, using Lemma 2.1, inequality (20) vields

A 4
lay — a3l

[A

n

6G-[L+ (2173t



for

_8-l+@+s -yt 1

B 2n /\ A S 1
314+ (1+3— 6
that is, for
B+ +s " 7. 920
16 - 37 S TN R e I
N 17T (5 )
laking 72 = Je. 0t @ra— 0™
we obtain that
. 4
lag — Aa3| < — TR e

TG+ (248 t]"

Applying Lemma (2.1) again to inequality (20) we have,

- 4 i a_ mn
jag — Aad| < — ’ ] 8-[1+((2+75 /;_).’.:;
6-[1+2+5 - pr" \3-N+0+7— 00"

for
-1 5 — 0t 11
8-[1+(2+7 ﬂ)f_l)__>1
31+ (1+ 58— ] 6
that is,
_ 1 1 n 11

las — /\f!§| < — G 5 A — - =
9N+ (1+ 3 i [T+ (2+ 74— it

for A = a2

Theorem 3.3
If f(z) € S,C'(p. 3.1) then for any complex number A

. 4
s — a3 P

11 B[+ (247 — i

max{1;

T 61+ (23— i)
Proof:
From inequality (15)and(16)we have that

5 8i1+(l—::1’7gf)!]”)\
lay — Nas| = | = 4 — o — | - ==
614 (1 + 3 — )t A+ (2+753—p)t)”

6 B+ (1+5—

(22)

i ") (23)

Combining inequality (21)(22)and (23)we obtain the result of the theoreni.

}




4
61+ (1+ 73—l

a3 — Aaj| =

— b

8[L+(1+3 " 11
o — - 5 T A &
314 (243 )’ 6

(- S[L+(2+3—mt]" 11
B4 (1+ 53—t 6

By applying lemma 2.2 we have

. 4
las — )ur§| < — , = max
61+ (2+ 73—t

}

This completes the proof.
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