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ABSTRACT: In present day technology, reliability of equipment’s is increased by
employing the method of standby systems, that is, the introduction of extra units. The
purpose of the supplementary units is to take over operation if the basic units break down.
Moreover, to increase the effectiveness of standby systems, units that have failed are
repaired. In this paper the reliability function and the mean lifetime are obtained for the
cases of loaded, nonleaded and lightly loaded systems with and without renewal. Moreover,
the effectiveness of repair is calculated for some distributions for different numbers of main
units.

KEYWORDS: reliability, mean lifetime, renewable system, preventive maintenance,
loaded, nonloded and lightly loaded system.

INTRODUCTION

Formulation of The Problem
We confine ourselves to the case of a system composed of n main unites and spare unit
under the following conditions:
1. As soon as one of the main units fails, the standby unit takes up the load.
ii. The failed unit is sent immediately for repair.
ii1. The repair completely restores all the original properties of the unit that failed.
iv. The repair time is a random variable with an arbitrary distribution G(t).
v. The period of failure free operation of the units is random and distributed according to
the law.
Fi(t) =1—exp(—a;t),a; >0 andi=1,2,...... ,n
for the i-th main unite and according to the law
B(t) =1 —exp(—bt),b > 0 for the reserve unit.

The Laplace transform of the reliability function and the mean lifetime for six models
of standby redundant systems (the loaded, the nonleaded and lightly loaded system with
and without renewal) are obtained.

Moreover, I present the effect of repair and also the effect of the choice of the function G
(.) on the mean lifetime.
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SOME MODELS FOR LIFETIME DISTRIBUTION OF STANDBY REDUNDANT
SYSTEMS

We investigate the mean lifetime for some models of standby redundant systems.

We shall say that our system breaks down if either two units or more fail at the same time
or if a second failure occurs while the first failed unit is still being repaired.

Denote by R (t) the probability of failure-free operation during the period (0,t). Let us
introduce the Laplace transforms:

g (s)= [, e dG(1) , w(s)= - f," e " dR(0)
Model 1. Loaded Standby System without Renewal
In this case, the event of failure-free operation of the system during the period (0,t) is
decomposable into two mutually independent events:
i - No failure occurs prior to time t with probability equal to.

[TMPE @) , WhereF; (t) = 1-Fi (t)
(Note that for simplicity B (t) is replaced by Fn+1(t))
ii- A failure occurs at time z ( <t ) and instantaneously the standby assumes the load of
the failed unit and then the system works to time t without failure. The probability of this
event is equal to

SIS Fi [ dF@ =5 TSR () F@ . i)

Hence
RM=X11 [T F O -n[lZ1F@ ., i#) (1.1)
Therefore
R (t) = e 74t [X1Hl et — n] . (1.2)
Where A=Y"la,
By Using Laplace transform, equation (1.2) is converted to:
rO) =N E o (1.3)
and hence the mean lifetime will be:
Ty =- [drd—f)]szo = 1/A[zr Afai —n] (1.4)
Model 2: Loaded Standby System with Renewal
The event we are Interested in (flawless operation of The system during time from O to t)
Is the union of three mutually independent events.
L.No failure occurs during the period (0,t) with Probability equal to [ F;(t)
II. A failure occurs at time z ( <t ), the remaining units operate to time t without
failure and the repair time is completed after t . The probability of this event is equal
to

I Fi f) G (t — 2)dF(2)
III.  The first failure occurs at time z ( <t ), the repair of this unit is completed also prior
to time t, during the repair period the remaining units were functional. From the
repair to time t, the system functioned normally. The Probability of this event is:

S o s T E DFR(E -y — 2)d6(1)dF (), i # ]
Hence
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RO=[IE'E@® + X [TE K (t)f G(t —z) dFj(z) +

s MY ZH"“F(z)F (y)R(t— — 2)dG(y)dF;(2) ,i # j
Therefore
R(t) = e~At 4 g~ At yntl g, eait ftG_ (t — 2)e~%%dz +
mtla [, [, e -A-arR(t — y — 2)dG(y)dZ (1.5)

After some manipulations, the Laplace transform of (1.5) will be:

r(s) = Hla(A—a)(A—a;+5)"g" (A—a;+5)
(A+s)—YXMla;g(A—a; +5)

where

g(s)=1-g%(s).

Thus, the mean lifetime will be

o= 1+32 ai(A-a) " g* (A-ay)

1= A-Y Ml a;jg(A-ay)

Model 3. Nonloaded Standby System without Renewal
The event of flawless operation of the system during the interval (0,t) is decomposable into
two mutually independent events:

(1.6)

i- No breakdown occurs during the time (0,t) with probability equal to:

miE@).

ii- At moment z (<t) a failure occurs. The remaining elements operate flawlessly up
to time t. The probability of this event is equal to: Y7, [T, Fi(t) fotFi(t—
z)dFi(z) , i#] .

Hence
= = t = . ,
R(®) =TI F®+ Xjoy [y F@) [, Ft —2)dF(2) ,i #
therefore:

R(t) = e (1 + At) (1.7)
where
A=Y a;.
The Laplace transform of (1.7) will be:
1(s)= [m I’
and hence the mean lifetime is given by.
== . (1.8)

From equations (1.4) and (1.8) It can be shown that the mean lifetime for the nonloaded
system is greater than that of the loaded system.
Model 4: Nonloaded Standby System with Renewal
In this case, the event of failure-free operation through the time from O to t is
decomposable into three mutually independent events.
1.No failure occurs prior to time t, with probability equal to:
i=1 Fi(0)
ii.A failure occurs at time z ( <t), the remaining units work flawlessly to time t. The repair of
the failed unit is completed after t. The probability of this event is equal to:
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Ty T R® [, Bt = 26t~ 2)dF(2) i # )
111 - At moment z (< t ) a breakdown occurs, the repair of the broken unit is completed prior

to time t, during the repair period, the system works flawlessly. From the repair to time t,
the system functioned normally. The probability of this event is equal to:

Sy fy Ty Fi(2) Ty FEGOR(E — y — 2) dG () dF; (2).

Hence
n n n t
R(t) = 1_[ F(t) + Z nﬁi(t) f Fi(t —2)G(t — 2)dF;(z) +
=1 j=1i=1 0
?:1 fot fot_z [T E@ [T FOIR(E —y — z)dG(y)dF;(z).
Therefore
_ At -At (A tt=z —a(z+y) v —
R(t)=e M +Ae™ [[G(t—2z)dz+A[ [, ~e 4 R((t1 9)y z)dG(y)dz .
Application of the properties of Laplace transforms converts (1.9) into the equation:
r(s) A% g* (A+S)
and hence the mean lifetime will be:
1+ g9'@A)
L= - (1.10)

Model 5: Lightly L.oaded Standby System without Renewal
In this case, the event of failure free operation during the period (0,t) is composed from
three mutually independent events.

i- Neither one of the main units nor the standby unit fails prior to time t, with
probability equal to

n

i=F; () B (1)
ii- The standby unit fails at time z (<t) while the main units operate up to time t. The

probability of this event is equal to

— t —
i=1 @ [, dB(2)=TIZ  R(©B(t) -
ili-  One of the main units fails at time z(<t) and then the system works up to time t
without failure. The probability of this event is equal to:

— t j— —
=1 i F(®) [, B (@F;(t — 2)dF;(2) .
Hence
R(t) =Ty F (T) + X0y [Ty Fi (0 f, B @F(t — 2)dFi(2).
Therefore
R(t) = e~ [14+5 (1= e700)] . (1.11)
The Laplace transform of (1.11) will be
r(s) A (A+Db)

(A+S) (A+b+S)

and hence the mean lifetime Is given by:
2A+b

It can be easily seen from equations (1.8) and (1.12) that the mean lifetime for the lightly
loaded system is less than that of the nonloaded system.
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Model 6: Lightly Loaded Standby System with Renewal

The event we are interested in (flawless operation of the system during the time from 0 to
t) is the union of five mutually independent events:
i- No failure occurs during the period (0,t) with probability:
=1 Fi(©OB(0) .

ii- One of the main units fails at time z ( <t ). The repair time of the failed unit is
completed after t. The system works up to time t without failure. The probability of
this event is equal to:

"I, B [, B@F(t - 2)G(t — 2)dF;,

iii- The spare unit fails at time z( <t). The repair time is completed after t and then main

units operate flawlessly up to time t. The probability of this event is:
L Fi f, Gt~ 2)dB(@)

iv- At time z(<t) one of the main units breaks down The repair time is completed prior
to time t, during the repair period thesystem operates flawlessly. From the repair
time to t the system functioned normally. The probability of this event is

t ot— - —
i d o f, g T, Fi(@) B@OIR(E —y — 2)d6()dF;(2).
v- The spare unit fails at time z(<t). The repair time Is completed prior to t, during the

repair time the main units were functional. From time of repair to time t, the system
functioned normally. The probability of this event is equal to

1 I, F (D F:()R(E — y — 2)dG(y)dB(2).
Hence

R(t) = [T, Fi(©) BOY) + X7, [T, Fi () [, B(E, (t — 2)G(t — 2)dF;(2)
+ITi=, F(®) fot G(t —2)dB(2) + X7y fot fot_z [TL1 Fi 2)B(@) 171 F 0)R(E -
y=2)+ [ [ T E@EG)R(E — y — 2)dG(y)dB(2)

Therefore
R(t) = e~ 4 (A + b)e ™ [ e PG (t — 2)dZ +
(A+Db) [, [, " e~ Dz=aYR(t — y — 2)dG(y)dz. (1.13)
After some manipulations, the Laplace transform of (1.13)
Will be:
r(s) = A (A+b)g*(A+S) (1.14)

(A+S) [S+(A+Db) g* (A+9)]
Hence the mean lifetime is given by:
7. = A+ (A+D)g" (4)
3 A (A+b) g* (A)

(1.15)

We note that the results concerning Laplace transforms and the mean lifetime for the cases
of nonloaded with and without renewal and for lightly loaded without renewal can be
obtained from (1.14) and (1.15); (for nonloaded systems. b=0 and for systems without
renewal g(.)=0). Moreover, the results in [Belyaev, Yu.K. and Gnedenko, B.V.,Kovalenko,
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I.N.,1962] [Gnedenko,B.V. 1969] can be obtained as special cases from the present results
by putting a; = a fori=1,2, ..., n.

THE EFFECTIVENESS OF REPAIR ON THE MEAN LIFETIME FOR SOME
MODELS OF STANDBY REDUNDANT SYSTEMS:

In the cases that are of most practical interest, the mean duration of repairs is considerably
less than the mean time of the flawless operation of the system. We discuss the effect of
repair on the mean lifetime and also the effect of the choice of the function G(.).To derive
our results we need the following limit theorems.

Suppose that the function G(t) depends on a certain Parameter v and for any € >0 as v —o0

1-G,(e) =0
It can be seen that the following relation immediately follows from (1.15):

gy,(4) - 1 as vV =00

The converse is also true, If for any g> 0 and as v —o we have the relation g,,(s) — 1, then
for any t > 0 as v -0, G, (t) —1. Let us assume that T, is the length of time between two
successive failures and that the repair time is a random variable with a distribution
function G, (t), and put:

a, =S g (A)
We can prove the two following theorems by using the Method in [Gnedenko,B.V.
1969].
Theorem 1:
Ifasv —owo, G, (¢) — 1 for any € > 0 (conditions from (i) to (v) are assumed to be

satisfied), then the distribution of the random variable Ty / a, converges to the distribution
l-eAas v —o0.
Theorem 2:

If in addition to the above-mentioned conditions, the Following are satisfied.
mi(v) = [, tdG,()=1/y, ,myw) = [ t2dG, (t) < +o and
Then the mean lifetime of a system with standby relief is asymptotically equal to the mean

lifetime of the system under the assumption that
G,(t) =1—e

To estimate the effect of repair on the operational effectiveness of a system it is natural to
consider the ratio of the mean lifetime of a system with repair to that without repair. The

effectiveness of repair is given by the use of (1.12) and (1.15)
_ A+ (A+b)g*(A)
V' (24+b)gx(4)

Let us now determine what effect the choice of the function G, (t) has on the value of e,,.
In this case, we shall naturally take all G, (t) participating in the comparison to have the

same expectation, which is assumed to be equal to 1/ p- For this purpose, consider the
following distribution functions.
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0 t<0
L G =13 0<t<2/
1 t>2/y
(0 t<0
L 6,(6) = {1 — eVt t>0
0 t<0
. G,(t) = {(U/Z) t 0<t<2/
1 t > 2/,
0
_ t<0
Iv. Gv(t) - {% (317)3 fot ZZe—3vde £>0
0 t<0
2 +2
V. Gm={ Vt/2 0<t<l/y
v
20t -2 -1 v < t<2/,
1
0 t<1/,
VL G,(t) =
O ={; > 1/,

We confine ourselves to the case of the nonloaded standby system and in the following
tables we give all calculations dealing with the effectiveness of repair for the enumerated
distributions for n=1, 2, 3 and 4 when a; = a , that is, A=na, (n is the number of main units
and (a) is the failure rate of the unit).

The tables give an amazingly small spread of the effectiveness of repair for such utterly
different distributions of repair times that we have chosen. The Somewhat greater
effectiveness for the first two distributions is due to the fact that they have an appreciable
possibility of repair within short periods of time. The fact that the last distribution requires
one and the same time for any repair somewhat reduces the effectiveness. The fact that the
figures given in each table are so close to each other follows from theorem (2). Finally, it
can be seen that the effectiveness of repair decreases when the number of main units
Increases.
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Table 1
n=1 , A=a
v/a
Gv(t) e‘U 1 2 3 4
1+ e 2a/v
1+
1 2(1 — e—2a/v) 1.66 2.08 3.04 6.02
- 1+v/2a 150 200 3.00 6.00
- v(1l-— e—Za/v)
IT1 2 (2a — v(e—2a/v)) 1.38 186 2.85 5.84
1+ (Bv)° 3 1.85 2.8 5.8
1V 1.36 . .84 .84
2((a +3v)3 - (v )3))
- vy 133 181 280 584
2(a2 —v2(1—e"4/7)2) ' ' ' '
e—a/v
Vi1 1+ — 1.29 1.77 2.76 5.75
2(1— e~a/v)
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Y/a
Gy () ey 1 2 3 4
14 e %a/v
I 1+ 152 1.66 2.08 3.53
2(1 — e—*a/v)
11 1+ 125 150 200 3.50
- U(l _ e—4a/v)
111 2 (4a — v( 1 — e~4a/v)) 1.16 138 1.86 3.34
+ (3v)° 1.14 136 185 3.34
1V . . . .
2((2a + 3v)3 — (3v)3)
v 2(1 _ e—Za/V)Z
1+
v 2(4a2 —v2(1—e2a/v)2) 1.11 133 181 3.30
e—Za/v
Vi 1 1.08 129 177 3.26
T3 (1— e—24/v)
Table 11
n=2 , A=2a
Table111
n=3 , A=3a
Y/
Gy (1) 2y 1 2 3 4
1+ e—6a/v
1 1+ 150 155 179 2.72
2(1— e-6a/v)
11 1+v/6a 117 133 1.67 2.67
1+ v(1—6a/v) 110 123 154 252
I11 . . . .
2 (6a —v(1— e—6a/v))
1+ (3v)° 1.07 121 152 251
1V . . . .
2((3a + 3v)2 — (3v)3 )
vz ( 1 — e—3a/v)2
I+ 2 2 -3a/v)2
v 2(9a?-v2(1—ce )?) 1.05 1.18 149 247
e—3a/v
Vi 1+ 1.03 114 145 243
2 (1— e3a/v)
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Table1v
n=4 , A=4a
V/a
Gy(t) ey 1 2 3 4
1+ e 8a/v
I 1+ 1.50 1.52 1.66 2.32
2(1— e-84/%)
. 1+ 113 125 150 2.25
I 1+ v(1—e™) 1.07 116 138 2.10
2 (8a — v( e~8a/v)) ' ' ' '
1+ (317)3 1.04 1.14 1.36 2.09
1V . . . .
2((4a + 3v)3 — (3v)3)
172 ( 1— e—4a/v)2
\Y% 1+ 1.03 1.11 1.33 2.06
2(16a2 — v? (e—*a/v)2)
e—4a/v
Vi 1 1.01 1.08 1.29 2.02
i (1 — e—*a/v)
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